In this paper we study how certain symmetries of convex bodies affect their geometric properties. In particular, we consider the impact of symmetries generated by the block diagonal subgroup of orthogonal transformations, generalizing complex and quaternionic convex bodies. We conduct a systematic study of sections of bodies with symmetries of this type, with the emphasis on problems of the Busemann-Petty type and hyperplane inequalities. The main role belongs to the class of intersection bodies with symmetries.
Introduction
Convex bodies with symmetries, especially bodies of revolution, have been serving as a proving ground in the study of sections for a long time. The convenience of such bodies is based on the explicit formulas for the volume of their sections. Formulas of this type were probably first exploited by H. Hadwiger, who provided a positive answer to the Busemann-Petty problem in R 3 for origin-symmetric axially convex bodies of revolution in [21] . In connection with the Busemann-Petty problem in R n , bodies of revolution were used by A. Giannopoulos in [17] to supply a negative answer for n ≥ 7, by M. Papadimitrakis [49] to prove a negative answer for n = 5, 6, by R. Gardner [11] to prove a negative answer for n ≥ 5, and by G. Zhang [56] to provide further counterexamples. Other results on sections and projections of bodies with symmetries are due to E. Milman [48] , B. Rubin [51] , B. Rubin and G. Zhang [53] , D. Ryabogin and A. Zvavitch [54] and many others. A convex body in C n is a convex body in R 2n that is invariant under the block diagonal subgroup of SO(2n) of the form diag(g, . . . , g) : g ∈ SO(2) , where SO(·) stands for the special orthogonal group over the reals. Many properties of sections can be improved by imposing the complex structure, in other words by imposing the invariance under the above group, see [42] .
In this paper we generalize the results from [42] by studying the impact of the following group of symmetries: The block diagonal subgroup of SO(κn) of the form diag(g, . . . , g) : g ∈ SO(κ) , where κ ∈ N is fixed. Subsets of R κn that are invariant under the above group will be called κ-balanced. To stress the fact that we work with this fixed group of symmetries, the space R κn along with κ-balanced geometric objects in this space (such as star shaped bodies, linear subspaces, etc.) will be denoted by K n . For κ = 1, 2, 4, K n can be thought of as the n-dimensional real, complex or quaternionic vector space, respectively; however our results hold in more generality for any κ ∈ N.
1
To study properties of convex bodies with symmetries we introduce the concept of intersection bodies in K n . Recall that intersection bodies in R n were introduced by E. Lutwak in 1988 as part of his dual Brunn-Minkowski theory [46] . For a subset S of R n , define the Minkowski functional of S by
with x ∈ R n . An origin-symmetric star body K in R n is the intersection body of an origin-symmetric star body L if the radius of K in every direction equals to the (n − 1)-dimensional volume of the central hyperplane section of L perpendicular to this direction. In other words, for every unit vector ξ in R n ,
where | · | denotes the Euclidean volume. Using polar coordinates, Eq. (1) becomes 1 For κ = 1, K n = R n and for κ = 2, K n = C n . For κ = 4, after some additional restrictions on our group of symmetries, K n will become the left or right quaternionic vector space. However, such restrictions are not natural and not necessary when considering geometric problems.
where R n−1 denotes the spherical Radon transform. Hence, a star body K in R n is the intersection body of a star body if and only if · −1 K is the spherical Radon transform of a continuous positive function on S n−1 . A more general class of intersection bodies in R n was introduced by P. Goodey, E. Lutwak and W. Weil in 1996 in [18] . A star body K is an intersection body if there exists a finite non-negative Borel measure μ on the sphere so that · −1
The class of intersection bodies in R n has been investigated in [2, 5, 6, 8, 9, 11, 12, 14, 18, 19, 22, 23, 30, 41, 25, [27] [28] [29] 32, [45] [46] [47] [48] 56, 58, 57] , see also [13, 33, 43 ]. An analogous class of bodies in C n was studied in [42] . Intersection bodies in C n were defined along the same lines as intersection bodies in R n , taking into account the complex structure. They inherit many properties of their real counterparts.
In our discussion we follow ideas from [42] . We generalize to K n many known results from the theory of intersection bodies in R n and C n . We organized this paper as follows. In Section 1 we define intersection bodies of star bodies in K n . In Section 2 we introduce the spherical Radon transform on K n and prove that it coincides with the Fourier transform of distributions on the class of (−κn + κ)-homogeneous functions on R κn that are κ-invariant, see Lemma 8. This allows to express the volume of sections of star bodies in K n in Fourier analytic terms, see Theorem 1. Intersection bodies in K n are introduced in Section 3; here we also prove their Fourier analytic characterization in Theorem 2. In Section 4 we use the above characterization to show that intersection bodies in K n coincide with a generalization of real intersection bodies due to A. Koldobsky: the κ-balanced κ-intersection bodies in R κn , see Corollary 2. In Corollary 3 we list all the cases in which an origin-symmetric convex body in K n is an intersection body in K n , these are only the following:
(ii) n = 3, κ ≤ 2 and (iii) n = 4, κ = 1.
Next, we extend to K n a result of P. Goodey and W. Weil that intersection bodies in R n can be obtained as the closure in the radial metric of radial sums of ellipsoids, see Theorem 4. We use this geometric characterization of intersection bodies in K n to prove that they coincide with another generalization of real intersection bodies due to G. Zhang: κ-balanced generalized κ-intersection bodies in R κn , see Proposition 4. We start Section 5 by solving the Busemann-Petty problem in K n , see Theorem 5, and by deriving the hyperplane inequality in K n : Suppose K is an intersection body in K n , then |K| n−1 n tion in this problem we derive in Theorem 7 the hyperplane inequality for intersection bodies in K n for arbitrary measures. In Lemma 14 and its corollaries we describe further inequalities obtained from the stability consideration mentioned above; here we take advantage of the fact that we solve the stability question with different density functions for the volume of the body and the volume of sections. Finally, intersection bodies of convex bodies in K n are studied in Section 6; here, in Theorem 8 and Corollary 10 we extend to K n two classical results about intersection bodies of convex bodies in R n : Busemann's and Hensley-Borell theorems. We introduce the notation and preliminaries throughout the article as needed.
Intersection bodies of star bodies in
We view x as an ordered set of n ordered κ-tuples. For every σ ∈ SO(κ) define
to be the vector obtained by rotating the ordered κ-tuples of
for every x ∈ R κn and for every σ ∈ SO(κ). We work exclusively with geometric objects in R κn that are κ-balanced. For the purpose of clarity and the ease of notation, we denote by K n the space R κn with the additional property that all geometric objects in this space satisfy the above invariance. We call a set in K n a convex body if it is a compact κ-balanced convex set in R κn with non-empty interior. Recall that a compact subset K of R n containing the origin as an interior point is called a star body if every line through the origin crosses the boundary in exactly two points different from the origin. Its radial function is defined by
K , is the Euclidean distance from the origin to the boundary of K in the direction x. The set of κ-balanced star bodies in R κn forms the class of star bodies in K n .
Now we introduce the notion of a hyperplane in K n . For a vector y ∈ R κn , denote by |y| 2 the Euclidean length of y. Denote by e i the vector in R κn with the i-th coordinate equal to one and all other coordinates equal to zero. For an element ξ ∈ S κn−1 , we call H ξ the hyperplane in K n determined by the vector ξ.
Observe that for a κ-balanced star body D, the set D∩H 
where |S κ−1 | stands for the surface area of the unit ball in R κ .
The Radon and Fourier transforms of κ-invariant functions
We call a function f on R κn κ-invariant if f (x) = f (R σ x) for every x ∈ R κn and σ ∈ SO(κ), and denote the space of continuous κ-invariant real-valued functions on the unit sphere by C κ (S κn−1 ). The spherical Radon transform on K n , denote it by R κ , is an operator from C κ (S κn−1 ) to itself, defined by
The polar formula for the volume yields
for any star body L in K n and ξ ∈ S κn−1 . Moreover, condition (2) becomes
We conclude that a star body D in K n is the intersection body of a star body if and only if the function ξ −κ D is the spherical Radon transform on K n of a positive κ-invariant continuous function on S κn−1 .
We will generalize several classical facts, connecting the Radon and Fourier transforms. We start by recalling the relevant concepts and facts in R n . One of the main tools used in this paper is the Fourier transform of distributions, see [15] for details. Denote by S(R n ) the Schwartz space of rapidly decreasing infinitely differentiable functions on R n , also referred to as test functions, and by S (R n ) the space of distributions on R n . The Fourier transform f of a distribution f is defined by f , ϕ = f, φ for every test function ϕ. For an even test function ϕ, the Fourier transform is self-invertible up to a constant factor: (ϕ
for every test function ϕ and every α ∈ R, α = 0. The Fourier transform of an even homogeneous distribution of degree p is an even homogeneous distribution of degree −n − p. We call a distribution f positive definite if its Fourier transform is a positive distribution, i.e. f , ϕ ≥ 0 for every non-negative test function ϕ. A measure μ is tempered if for some β > 0
where | · | 2 denotes the Euclidean norm on R n . A distribution is positive definite if and only if it is the Fourier transform of a tempered measure on R n , see [16] , p. 152. Let D be an origin-symmetric star body in R n . For 0 < p < n, the function · −p D is locally integrable on R n , and represents an even homogeneous distribution of degree −p, see [33] , Lemma 2.1. If · −p D is also positive definite, then its Fourier transform is a homogeneous distribution of degree −n + p. Also, there exists a measure μ on the sphere so that
for every test function ϕ, see [33] , Corollary 2.26 (i). Let f be an even continuous function on S n−1 and let p be a non-zero real number. We extend f to an even homogeneous function on R n of degree p in the usual way as follows. Let x ∈ R n , then x = rθ with r = |x| 2 and θ = x/|x| 2 . We write
It was shown in [33] , Lemma 3.16 , that for an infinitely-smooth function f on S n−1 and −n < p < 0, the Fourier transform of f · r −p is an infinitely-smooth function on R n \ {0}, homogeneous of degree −n + p.
We shall often use Parseval's formula on the sphere: [33] , Lemma 3.22 .) Let f and g be even infinitely-smooth functions on S n−1 and let 0 < p < n. Then
Another basic fact from Fourier analysis is the following.
Lemma 3.
(See [33] , Lemma 3.24 .) Let 0 < k < n, and let ϕ ∈ S(R n ) be an even test function. Then for any
The spherical version of the above lemma allows to express the volume of lowerdimensional sections of an origin-symmetric star body in R n in Fourier analytic terms. [33] , Lemma 3.25 .) Let 0 < k < n, and let ϕ be an even infinitely-smooth function on
Lemma 4. (See
The κ-invariance of a function translates into a certain invariance of its Fourier transform. 
Proof. By Lemma 4, we have
Since ϕ is κ-invariant, by Lemma 5 the integrand on the right-hand side is a constant function on S κn−1 ∩ H ⊥ ξ , which itself is a (κ − 1)-dimensional Euclidean unit sphere. Hence
The smoothness assumption in the above lemma can be removed. It is an analog of Lemma 3.7 in [33] , see also Lemma 4 in [42] . Beforehand we need the following fact.
Proof. We can assume that functions f , g are infinitely-smooth. The Fourier transform of the homogeneous extension of g of degree −κn + κ is an infinitely-smooth κ-invariant homogeneous function of degree −κ on R κn \{0}, so for some infinitely-smooth κ-invariant
Using Lemma 6 and spherical Parseval's formula, we now compute
function ϕ and for every σ ∈ SO(κ). Note that if two κ-invariant distributions coincide on the set of κ-invariant test functions, then they are equal. Indeed, let f be one such distribution and let ϕ be any test function. For
where dσ stands for the Haar probability measure on SO(κ). Then ϕ 0 is a κ-invariant test function and
Proof. Let ϕ be any κ-invariant test function, then
Using this observation, we compute
This shows that κ-invariant distributions (f ·r −κn+κ ) ∧ and
) coincide on the set of κ-invariant test functions and are therefore equal. 2
The above lemma allows to express the volume of sections of star bodies as the Fourier transform of a certain function. The real version of this fact was proved in [26] and the complex version was proved in [38, 42] .
Theorem 1. For any origin-symmetric star body D in K
n and for any unit vector ξ ∈ R κn , we have
where H ξ is the hyperplane in K n determined by ξ, see Section 1 for the definition.
Proof. By (4) and Lemma 8, we obtain
Theorem 1 provides a version of the Funk-Minkowski uniqueness theorem, see [13] , Th. 7.2.3.
Proof. By Theorem 1, the hypothesis of the corollary implies that homogeneous of degree −κ continuous functions on
∧ coincide on the sphere S κn−1 . Thus they coincide as distributions on the whole R κn . The result follows by the uniqueness theorem for the Fourier transform of distributions. 2
Intersection bodies in
Intersection bodies of star bodies in K n were introduced in Section 1. Now we define a more general class of intersection bodies by extending the equality (5) to measures, as it was done in [18] for the real case and in [42] for the complex case. A finite Borel measure μ on the sphere S κn−1 is called κ-invariant if for any continuous function f on the sphere S κn−1 and for any σ ∈ SO(κ)
The spherical Radon transform on K n of a κ-invariant measure μ on the sphere S
Surely, the spherical Radon transform on K n of a finite κ-invariant Borel measure μ on
of the spherical Radon transform on K n , Lemma 7, it follows that if the measure μ has a continuous density g, then the measure R κ μ has the density R κ g.
It follows from the self-duality of the spherical Radon transform on K n and Eq. (5), that every intersection body of a star body in K n is an intersection body in K n in the sense of Definition 2. It was shown in [27] that intersection bodies in R n admit the following Fourier analytic characterization: an origin-symmetric star body K in R n is an intersection body if and
K represents a positive definite distribution. Intersection bodies in K n allow for a similar characterization. It is easy to see this for intersection bodies of star bodies in K n . By Theorem 1 we have:
Both sides are even homogeneous functions of degree −κ and agree on S κn−1 , so they are equal as distributions on R κn . Since the Fourier transform of even distributions is self-invertible up to a constant factor, we get
Thus
K is an even strictly positive κ-invariant function on the sphere, then using Eq. (7) we can construct a star body 
by Lemma 3
Conversely, suppose that · −κ D is a positive definite distribution, then there exists a finite Borel measure μ on S κn−1 so that for every test function ϕ
see (6) . Since the body D is κ-balanced, we can assume that the measure μ is κ-invariant. Indeed, define a κ-invariant measure μ on the sphere
with E ⊂ S κn−1 and dσ the Haar probability measure on SO(κ). Then for a κ-invariant test function ϕ, we have
Thus we showed that there exists a κ-invariant measure μ that coincides with the measure μ on the set of κ-invariant test functions and hence on the set of all test functions. To see this, let ψ be any test function and
By the argument presented before Lemma 8 and above observations, we
Recall, from the proof of Lemma 8, that for a κ-invariant test function ϕ
Thus for even κ-invariant test functions, the right-hand side of Eq. (8) can be written as
where we used Lemma 3, and now, writing the interior integral in polar coordinates, we obtain
Writing the left-hand side in Eq. (8) in polar coordinates, we obtain that for any even κ-invariant test function ϕ
Let u be some non-negative test function on R and let v be an arbitrary infinitely-smooth
, where x = rθ with r ∈ [0, ∞) and θ ∈ S κn−1 . Evaluating Eq. (9) for such test functions ϕ, yields
Since infinitely-smooth functions on the sphere are dense in the space of continuous functions on the sphere, the latter equation holds for all v ∈ C κ (S κn−1 ), which implies that D is an intersection body in K n . 2
Geometric characterizations of intersection bodies in
Intersection bodies in K n are related to two generalizations of real intersection bodies. Consequently they inherit many of their properties.
One generalization, k-intersection bodies, was introduced by A. Koldobsky in [27, 32] as follows. Let M , L be star bodies in R n and let k be an integer, 0 < k < n. We say
A more general class of k-intersection bodies was defined in [32] as follows.
Definition 3. Let 0 < k < n. We say that an origin-symmetric star body M in R n is a k-intersection body if there exists a measure μ on S n−1 such that for every test function
Equivalently, k-intersection bodies can be viewed as limits in the radial metric of k-intersection bodies of star bodies, see [47, 50] . They are related to a certain generalization of the Busemann-Petty problem in the same way as intersection bodies are related to the original problem, see Section 5.2 in [33] .
An origin-symmetric star body K in R n is a k-intersection body if and only if · −k K represents a positive definite distribution, see [32] . Thus Theorem 2 implies,
Corollary 2. An origin-symmetric star body in K n is an intersection body in K n if and only if it is a κ-balanced κ-intersection body in R
κn .
Our next goal is to determine when an origin-symmetric convex body in K n is an intersection body. The answer to this question essentially follows from the so-called second derivative test, developed by A. Koldobsky, and Brunn's Theorem. For the convenience of the reader we recall related results and give necessary details.
The concept of an embedding in L p was extended to negative values of p in [31] . Let K be an origin-symmetric star body in R n . For 0 < p < n, we say (R n , · K ) embeds in L −p if there exists a finite Borel measure μ on S n−1 so that for every test function φ
Note that an origin-symmetric star body K in R n is a k-intersection body if and only if the space ( [29] that every n-dimensional normed space embeds in L −p for each p ∈ [n −3, n). In particular, every origin-symmetric convex body in R n is a k-intersection body for k = n − 3, n − 2, n − 1.
Recall that for normed spaces X, Y and q ∈ R, q ≥ 1, the q-sum (X ⊕ Y ) q of X and Y is defined as the space of pairs {(x, y) : x ∈ X, y ∈ Y } with the norm
The following result is an application of the second derivative test for embeddings in L −p and k-intersection bodies, which was first proved in [28] and then generalized in [33] . [38] , Proposition 3.) Let n ≥ 3 and let Y be an n-dimensional normed space. For q > 2, the q-sum of R and Y does not embed in L −p with 0 < p < n − 2. In particular, the unit ball of this direct sum is not a k-intersection body for any 1 ≤ k < n − 2.
Proposition 1. (See
Next, we give an example of an origin-symmetric κ-balanced convex body in R κn that
is not a k-intersection body for any 1 ≤ k < κ(n − 1) − 2. Denote by · q,κ , q ≥ 1, the following norm on R κn
and by B q,κ the unit ball of the space (R κn , · q,κ ). Observe that the body B q,κ is κ-balanced.
In particular, the body B q,κ is not a k-intersection body for any
Proof. The space (R κn , · q,κ ) contains as a subspace the q-sum of R and a In Theorem 3 below, we will show that for an origin-symmetric κ-balanced convex body
. Its proof will invoke the so-called parallel section function.
Let 0 < k < n and let H be an (n −k)-dimensional subspace of R n . Fix an orthonormal basis e 1 , . . . , e k in the orthogonal subspace H ⊥ . For a star body K in R n , define the For every q ∈ C, the value of the distribution |u|
is defined in the usual way, see p. 71 in [15] , and represents an entire function in q ∈ C. If K is infinitely smooth, the function A K,H is infinitely differentiable at the origin, see Lemma 2.4 in [33] , and the same regularization procedure can be applied to define the action of these distributions on the function A K,H , see [33] and p. 356-359 in [38] for more details.
The following proposition was first proved in [32] , we formulate it in the form as it appears in [38] : [38] , Proposition 4.) Let K be an infinitely smooth origin-symmetric star body in R n and 0 < k < n. Then for every (n − k)-dimensional subspace H of R n and any q ∈ R, −k < q < n − k,
where Δ denotes the Laplacian on R k .
We shall also need the following generalization of Brunn's theorem. 
Besides, for any q ∈ (0, 2),
Proof. It is enough to prove the result for infinitely smooth bodies by Lemma 4.10 in [33] . Fix ξ ∈ S κn−1 . Since k is positive, this implies κ > 2/(n − 1). The second equation of Proposition 3 with H = H ξ , m = 1, dimension κn instead of n, and Lemma 5, yield
By Lemma 9, it follows that ( ·
is positive definite on R κn and consequently, the body K is a (κ(n − 1) − 2)-intersection body. Next, we apply the first equation of Proposition 3 with H = H ξ , 0 < q < 2, dimension κn instead of n, and Lemma 5, to obtain
Using Lemma 9 again, it follows that the space (
With the range of 0 < q < 2, this means that every such space embeds in
Finally, using the second equation of Proposition 3 as above, but with m = 0, we obtain
which implies that the body K is a κ(n − 1)-intersection body. 2
Let us summarize the above discussion: For an origin-symmetric κ-balanced con- 
Proof. To obtain the result, we apply Theorem 3 and Proposition 2 for different values of n. For n = 2, κ ∈ [κ − 2, κ] for any κ ∈ N. For n = 3, κ ∈ [2κ − 2, 2κ] only for κ ≤ 2, and for κ > 2, B q,κ with q > 2 is not an intersection body in 
for H ∈ G(n, n − k). Denote the image of the operator R n−k by X:
Let M + (X) be the space of positive linear functionals on X, that is, for every ν ∈ M + (X) and for every non-negative function f ∈ X, we have ν(f ) ≥ 0.
Definition 4. An origin-symmetric star body K in R n is called a generalized k-intersection body if there exists a functional ν ∈ M + (X) so that for every f ∈ C(S n−1 )
The generalized k-intersection bodies are related to the lower-dimensional BusemannPetty problem, see [57] .
P. Goodey and W. Weil proved in [19] that all intersection bodies in R n can be obtained as the closure in the radial metric of radial sums of ellipsoids. This result was extended by E. Grinberg and G. Zhang to generalized k-intersection bodies with the radial sum replaced by the k-radial sum. E. Milman gave a different proof of the latter result in [47] . The complex version of this result was proved in [42] . We now prove this result in K n by adjusting the proof from [43] to our setting. Define the radial sum of two star bodies K, L in
or equivalently as
We will prove the following theorem in several steps. 
,
is the length of the projection of the vector x onto the subspace H ⊥ ξ . For σ ∈ SO(κ), the projection of R σ x onto H ⊥ ξ has the same length as the projection of x itself, hence E a,b (ξ) is a κ-balanced ellipsoid or an ellipsoid in K n . Recall the formula for the Fourier transform of powers of the Euclidean norm in R n :
, and the formula connecting the Fourier transform and linear transformations
where T is a linear transformation and T * denotes the adjoint of T .
Proof. Let T be a linear operator so that T B κn 2 = E a,b (ξ), then T is a composition of a diagonal operator and a rotation. 
for an appropriate choice of b and a → 0.
Proof. Using the formula for the Fourier transform of powers of the Euclidean norm, Parseval's formula on the sphere and previous lemma, we get
Thus 1 a κ(n−2)
Note that for a fixed a this integral approaches infinity as b → ∞ and it goes to zero as b → 0. Hence for every a there exists b = b(a) such that 1 a κ(n−2)
Since the measure in the above integral is rotation invariant, b(a) does not depend on ξ. Hence for every ξ on the sphere and for any δ ∈ (0, 1), we have
By the uniform continuity of the function · K on the sphere, for any > 0, there is δ ∈ (0, 1), δ close to one, so that | ξ 
Since K is κ-balanced, we obtain
Thus with this choice of δ, we can estimate the first integral as follows:
Next, estimate the second integral as follows: 
is the limit, in the space C κ (S κn−1 ), of sums of the form
Proof. For > 0, choose a finite covering of the sphere by spherical -balls: 
Denote by ρ(E
for some constant C a,b depending only on a and b. We are now ready to estimate
The result follows by letting → 0 and defining ξ
Proof of Theorem 4. The 'if' part follows immediately from Theorem 2 and Lemma 10.
To prove the converse, suppose K is an intersection body in K n . By Lemma 11, ξ −κ K is a uniform limit of functions of the form 1 a κ(n−2)
as a → 0. By Parseval's formula on the sphere, this equals to 1 C(n, κ)
∧ . By Lemma 12, the above is the uniform limit of sums of the form 
Stability in the Busemann-Petty problem and hyperplane inequalities
Intersection bodies played an important role in the solution of the Busemann-Petty problem, which can be formulated as follows. Given two origin-symmetric convex bodies K and L in R n such that for every ξ ∈ S
does it follow that
|K| ≤ |L|?
The answer is affirmative for n ≤ 4 and negative for n ≥ 5. This problem, posed in 1956 in [7] , was solved in the late 90's as a result of a sequence of papers [44, 1, 46, 17, 3, 49, 11, 12, 56, 26, 27, 14, 58] , see [33] , p. 3-5, for the history of the solution. One of the main steps in the solution was the connection established by E. Lutwak in [46] between this problem and intersection bodies: For an intersection body K and any star body L the Busemann-Petty problem has a positive answer. For any origin-symmetric convex body L that is not an intersection body, one can construct a body K, giving together with L a counterexample. The complex version of this problem was solved in [38] . The Busemann-Petty problem in K n can be formulated as follows: Given two origin-
for every ξ ∈ S κn−1 . Does it follow that |K| ≤ |L|? We prove below that the answer is affirmative in the following cases: (i) n = 2, κ ∈ N, (ii) n = 3, κ ≤ 2, (iii) n = 4, κ = 1, and negative for any other values of n and κ, see also [52] . The solution uses a connection with intersection bodies in K n , analogous to Lutwak's connection: If K is an intersection body in K n and L is any star body in K n , then the Busemann-Petty problem in K n has an affirmative answer. If there exists an origin-symmetric convex body L in K n that is not an intersection body in K n , then one can construct another origin-symmetric convex body K in K n , so that the pair of bodies K, L provides a counterexample.
A. Zvavitch generalized the Busemann-Petty problem in R n to arbitrary measures in place of volume and proved that the answer is affirmative for n ≤ 4 and negative for n ≥ 5, see [59] . The complex version of this result was proved in [60] . In this section we extend Zvavitch's result to K n and consider the associated stability question as well as the stability in the Busemann-Petty problem in K n . Stability in the original BusemannPetty problem was established in [34] , for the complex version in [35] and for arbitrary measures in [36] , other stability results include [37, 40] . We start with the stability consideration in the Busemann-Petty problem in K n .
Proposition 5. Let K, L be origin-symmetric star bodies in K n and let > 0. Suppose K is an intersection body in K n and for every ξ ∈ S κn−1
Proof. By (4) the inequality for sections can be written as
Let ν be the measure which corresponds to the body K by Definition 2. Integrating the above inequality over the sphere with respect to ν and applying the equality condition of Definition 2, yields
Applying Hölder's inequality and using polar formula for the volume, gives
The spherical Radon transform on K n of the constant function one, is the constant function with value |S κn−κ−1 |. Using the equality condition of Definition 2 and Hölder's inequality, we obtain
Altogether, we have
Proof. By Lemma 4.10 in [33] it is enough to prove the result for infinitely smooth bodies with strictly positive curvature. 
for some > 0, small enough to ensure that the body K is convex. Taking the Fourier transform of both sides in the above equation, yields
for ξ ∈ S κn−1 . It follows by Theorem 1, that for ξ ∈ S κn−1
Next, multiply (10) by ( · −κ L ) ∧ and integrate over the sphere S κn−1 . We obtain The question of stability in Busemann-Petty problems leads to hyperplane inequalities. These are related to the famous Hyperplane Conjecture. This conjecture can be formulated as follows. Does there exist an absolute constant C so that for any origin-
Here ξ ⊥ stands for the central hyperplane perpendicular to ξ. This problem remains open.
The best known estimate C ∼ n 1/4 is due to B. Klartag [24] , who slightly improved the previous estimate of J. Bourgain [4] .
Interchanging the roles of K and L in Proposition 5 and letting = max
we obtain the corresponding volume difference inequality.
Setting L = δB κn 2 and letting δ go to zero, we obtain:
Recall that e For κ = 1, 2, Corollary 5 reduces to the previously known hyperplane inequalities corresponding to the stability problem in the original [34] and in the complex version [35] of Busemann-Petty problem. Now we turn to the Busemann-Petty problem in K n for arbitrary measures. Let f , g be non-negative even continuous functions on R κn \ {0}, that are locally-integrable on every line through the origin. Let μ be an absolutely continuous measure with respect to the Lebesgue measure on R κn with the density f . Define a measure γ on H ξ , for any ξ ∈ S κn−1 , by
for any bounded Borel set B ⊂ H ξ . The Busemann-Petty problem in K n for arbitrary measures can be formulated as follows:
Given K, L two origin-symmetric κ-balanced convex bodies in R κn satisfying
for every ξ ∈ S κn−1 , does it follow that
Since we work with κ-balanced sets, we can assume that the measures μ, γ are κ-invariant, consequently the functions f , g are κ-invariant as well. We need a polar formula for the measure of star bodies in K n as well as for the measure of their sections.
By Lemma 8, for any ξ ∈ S κn−1 , we have
The following elementary lemma is an analog of a lemma used by A. Zvavitch in [59] . 
Proof. Compute 
Proof. Using Eq. (12), the inequality for sections can be written as
Define an auxiliary star body D by
Note that D is an even κ-balanced star body and · −κ D is positive-definite, thus D is an intersection body in K n . By Definition 2, there is a measure ν on S κn−1 corresponding to the body D. Integrating the above inequality over the sphere with respect to the measure ν and applying the equality condition of Definition 2, yields
By Lemma 13, with a = x
, we also have
Integrating Eq. (14) over the sphere and adding the resulting equation to Eq. (13), we obtain
which reads as
Finally, since the spherical Radon transform on K n of the constant function one, is the constant function with value |S κn−κ−1 |, using the equality condition of Definition 2, we 
Then there is an origin-symmetric convex body
Proof. Since the function (15) is in C κn−κ−1 (R κn \ {0}), it follows by Corollary 3.17 (i)
in [33] , that its Fourier transform is a continuous function on the sphere. Hence, by continuity, its Fourier transform must be negative on some open subset Ω of the sphere. From the κ-invariance of the function (15) , it follows that the set Ω is κ-balanced. Let h be an infinitely-smooth non-negative and not identically zero κ-invariant function on the sphere with support contained in the set Ω. Extend h to a homogeneous function of degree −κ, then the Fourier transform of this extension is a homogeneous function of degree −κn + κ, i.e. there is an infinitely smooth function v on the sphere so that
As g ∈ C 2 (R κn \ {0}), by Lemma 5.16 in [33] , K is convex for small enough. Since the function h is positive, using Eq. (12), it follows
On the other hand, the function h is supported on the set where the Fourier transform of the function (15) is negative, hence
Note that the above inequality is strict on Ω.
Since g ∈ C κ−2 (R κn \ {0}), by Corollary 3.17 (i) in [33] , functions ξ → γ(K ∩ H ξ ) and ξ → γ(L ∩ H ξ ) are continuous positive functions on the sphere. Integrating the latter inequality over the sphere and applying the spherical Parseval's formula in the form of Corollary 3.23 in [33] with k = κn − κ, which is justified by above observations and the fact that the function (15) is in C κn−κ (R κn \ {0}), we obtain
This is equivalent to 0 <
By Lemma 13, with a = x −1
K , α(r) = f (rx), β(r) = g(rx), we also have
Integrating Eq. (17) over the sphere and combining the resulting equation with inequality (16), yields For the negative part, note that in this case there is an origin-symmetric convex body L in K n that is not an intersection body in K n , e.g. B κn q with q > 2, see Section 4. L can be approximated in the radial metric by a sequence of infinitely-smooth originsymmetric convex bodies L m in K n with strictly positive curvature so that each body L m is not an intersection body in K n . This follows from Lemma 4.10 in [33] and the connection between the convolution and linear transformations. Thus we can assume that x
L is in C ∞ (R κn \ {0}) and does not represent a positive definite distribution. The negative part now follows from Proposition 8. 2
The volume difference inequality is obtained by interchanging the roles of K and L in Proposition 7. 
Corollary 6. Under the assumptions of Proposition 7, we have
We may assume that H For t > 0, let f u j (t) = |K ∩ (S + tu j )|, 1 ≤ j ≤ 3. Observe that f u j (t) = f R σ (u j ) (t) for any σ ∈ SO(κ). Indeed, since K is κ-balanced 
